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whi-eabttorsi-p.to ? in attire

space
i

start with rational points on varieties
,

✗ (Q) = ✗ A
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wh-iaeabttorsi-p.us ?

Apply analogy :

rational points on ✗
torsion points in Jacobian

c-s

0in ✗
Jac (X) A ✗ → using embedding
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lot
:X → Jack)

QYzn
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1983)
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wh-iaeabttorsi-p.us ?

Apply analogy :

rational points on ✗
torsion points in Jacobian

c-S

Q
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Apply another analogy : Trop . May¥rd Conjecture
( Raynaud ,

1983)
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22
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algebraic curve

gun,
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Tropicalcurves = metric graph

1- = ( G
, d) where G= ( V ,

E) finite
,
connected graph

l : E → IR > o length function on edges

⇐

he €7.

g=0 g=
'

g-
- 2

The
genus

of T is
g

= dim H
,
( t.IR)



Tropicalcuv.ve#: Divisors t Jacobian

A divisor on
T is a formal I - sum of points in T

Ex
,
D= ✗ +

y +27 ☐•y
-

A divisor is effective if all coeffs
.

are 20
.

The degree of a divisor is sum of coeffs
.

deg( I aix ) = -2 ax
✗ c- T
f ✗

c- T

in 2

The Jacobian of T

def

Ja , (r) = Piccoli) =

( degree
0 divisors

)µ +
n.p.ca,on T

linear equivalence)



Linearequivaeue : Discrete case

G= ( v
, E) graph i. e. unit edge lengths

Equivalence relation generated by
"

firing
"

moves

E" ?[jo data : choose induced subgraph~ 1¥:* A CG

⇐
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Linearequivaeue : continuous case

1- = (G
,
l) arbitrary edge lengths IR > o

Equivalence relation generated by
"
continuous - firing

"
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IÉL and

Jacobinism
= (Gl ) tropical curve

,

Jac ( t) = ☐ i✓°( t) / ( linear equivalence)

Abel - Jacobi embedding: choose
of

c-

log: T → Jac (t)

✗ i→ [x - op]

theorem ( Mikhalkov - Zarkhov) If T has genus g ,

Jac ( t) E 1129/7<9 ⇒ Jack)+o, I ☒9/7<9

I
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IÉL and

Jacobinism
= (Gl ) tropical curve

,

Jac ( t) = ☐ i✓°( t) / ( linear equivalence)

theorem ( An - Baker - Kuperberg - Shokrieh )

Up to linear equivalence , a divisor class [ D) of deg. 0 has

a unique
*

representative whose positive support lies in an

☒ up
to

edge set of G whose complement is a spanning tree
.

choosing bnsept .

•×
= basepoint

EI . T = ① ,

three types
'× d- divisor classes in Jack) :

" '

.

"I }{
, i



IÉL and

Jacobiansp-CG.lt
tropical curve

,

Jac (F) = ☐ i✓°( t) / ( linear equivalence)

theorem ( An - Baker - Kuperberg - Shokrieh )

Up to linear equivalence , a divisor class [ D) d- deg. 0 has

a unique
*

representative whose positive support lies in an

edge set of G whose complement is a spanning tree
.

Ex .

T =

= basepoint

{
"

"" "
""
* * """" """ " ""

{ ED
,

"

,

"

Theorem =) Jack) decomposes as union of cells

indexed by spanning trees of T = ( G. e)



On Boundaries ;
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Tips : Failure of finite bounds

tact : In a graph T w/ unit edge lengths, all vertices

are torsion points
Ex
.
II.

↳ Vertex -

supported divisors form
"

critical
group

"

of G.

↳ # ( critical gp)
= # ( spanning trees d- G)



Taltps : Failure of finite bounds

tact : In a graph T w/ unit edge lengths, all vertices

are torsion points
Ex
.
EH

↳ Vertex -

supported divisors form
"

critical
group

"

of G.

rn rational
, by rescaling & Subdividing

East : In a graph T 4 Nuit edge lengths ,

there are

• -

many
torsion points ,

i. e. # ( cqlt) n Jack) tors) =D

¥
. •%¥
KI

⇒ Tropical
"

Manin - Mumford Conjecture
"

fails



Taltps : Failure of finite bounds

Enact : In a graph T w/ arbitrary edge lengths, if a

single edge contains 2 torsion points , then it

contains 00 -

many ¥ "

..€É
Justifiably : Abel - Jacobi embedding Lg

:P → Jack ) t

is affine on each edge of F Rites iQ5zs

⇒ Tropical
"

Manin - Mumford conjecture
"

really fails
, i. e- locally



Iropiatosiopoits : Results

theorem ( R.) ( conditional uniform tropical Manin - Mumford ]
For a metric graph T of

genus g ,

if the number of torsion points is

bound
finite then

←
# edges in a

# ( g.
( t ) ns-accmt.rs) I 3g - 3

theorem ( R .) ( General tropical Manin - Mumford ]

If G is a biconuected graph of genus g 22 ,

then T :( G
,
d) has finitely many torsion points

for

very general edge lengths l : F- (G) → IR
> o



Iropiatosiopoits : Results

theorem ( R .) ( General tropical Manin - Mumford ]

If G is a biconuected graph of genus g 22 ,

then T :( G
,
d) has finitely many torsion points

for

very general edge lengths { l : F- (G) → IR
> o) I 112

# F-

> o

g.
=3

>
"

bicounected
"

ensures that T " behaves like
"

genus 22 F .

not

O-¥¥,I

9=1

•

"

very general
"

in IR
"

means away from countable collection

of positive
- codim

, algebraic subsets
,

E. U
,

= IR
"

\ { (x , , . . ,✗n ) where some ✗ i C- IQ }

Ex
.

U
,

= IR
"

\ { CX , , - i. ✗n) where f- (✗ ii. → ✗a) = 0

for some polynomial v1 ④ Toeffs
, }



Iropiatosiopoits : Results

theorem ( R .) ( General tropical Manin - Mumford ]

If G is a biconuected graph of genus g 22 ,

then T :( G
,
d) has finitely many torsion points

for

very general edge lengths 1 : F- (G) → IR
> o

Proof Idea :

• Torsion condition on [× - y ] equivalent to rational slopes

on

"

unit potential function
"

j×y : T → IR

. Kirchhoff : Each slope of j×y is ratio of I - polynomial
of edge lengths lie → 112>0

- { f- (x
, , . . . ,

✗a) 4- IQ for 2-polynomials f) forms countable collection



Tropicaltorsioupoints : Higher degree

Higher - degree Abel - Jacobi embedding ,
choose Q c- Divdlt)

Lidl : Tx . . -xp → Jac (t)
( Q)

(x , ,
- . -

,
✗ d) ↳ [✗ it . - - + ✗ d

- Q]

Pen : when is

# ( 4¥ , / rd) n Jack) tors) < • ?
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, they
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Tropicaltorsioupoints : Higher degree

Higher - degree Abel - Jacobi embedding ,
choose Q c- Divdlt)

Lidl : Tx . . -xp → Jac (t)
( Q)

(x , ,
- . -

,
✗ d) ↳ [✗ it . - - + ✗ d

- Q]

Pen : when is

# ( 4¥ , / id) n Jack) tors) < • ?

theorem ( R .)

If G has independent girth find /G) f d
,

then it is not finite
.

Otherwise
,

if ✗
""
(G) > d then it is finite for

1- :(G. e) for very general edge lengths 1 : F- (G) → IR> o

[Note : find (G) Zz ⇐> bicounected components have GZZ ]



lndepeudentgirth

G = (V
,
E)

Recall girth is length of shortest cycle

2(G) = min

go.gg,
{ # F- (c) }

,

( (G) :{ all cycles d- G}

Let rkt : E- (G) → I denote rank of
agraphia matroid , i - e .

rk
'- (A) = # A + ¥¥) for A < F-

Define The independent girth of G is

✗ indca) = min { rk±CEkY } E T (G)
C. c- CCG)

→ Where has this been studied ?
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