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Mobius function

The Mobius function sends
p:N—{-1,0,1}

depending on the prime factorization.
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The Mertens function takes sums of the Mobius function
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Figure: Graph of Mertens function
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The Mertens function takes sums of the Mobius function
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Figure: Graph of Mertens function
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Weighted prime counting MN(x) :=3_ _, logp

R H & TN(x)=x+ O(x/%)

Mertens function M(x) := >, ., u(x) where p(x) is Mébius function

R H & M(x)=0(x*?+)

ie. p:N—{-1,0,1} "behaves like random”
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Why care? Data

15 A

10 A

—10 4

—15

T T T T T
V] 50 100 150 200 250 300

Figure: Mertens function
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Why care? Data
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Almost divisors

The divisors of n are

Div(n) = {d eN:d= g for some integer k}.

Ex. Div(16) = {1,2,4,8,16}
The floor quotients (or “almost divisors™) of n are
ADiv(n) = {d eN:d= L%J for some integer k} .

Ex. ADiv(16) = {1,2,3 = |2¢] 4,5= %] 8,16}
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Theorem (Cardinal)

The floor quotient relation d =g n defines a partial order on N.
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Floor quotient partial order

Ex. n=16

16
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Floor quotient partial order

Ex. n =20
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Floor quotient Mobius function

Mobius function of a partial order (N, <g¢q) is defined by

pre() =1,  pre(n)=— Y nre(d)

d=fqn
d#n
Ex. n=16
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Floor quotient Mobius function: Data

1.0

0.5

0.0

—0.5 1

—1.01

~1.5

2.0

Jeff Lagarias, Harry Richman Michigan) Floor quotients Student Arithmetic



Floor quotient Mobius function: Data
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Bounding ap

Problem

Does pirq satisfy
prq(n) = O(n*/?+)?
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Floor quotient Mobius function: Data
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Floor quotient Mobius function: Data
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Bounding ap

Theorem (Lagarias—R)

The almost-divisor Mobius function pap satisfies

pap(n) = O(n*7%9) as n— oo.

The exponent satisifes ((1.729) < 2
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Bounding ap

Theorem (Lagarias—R)

The almost-divisor Mobius function pap satisfies

pap(n) = O(n*7%9) as n— oo.

The exponent satisifes ((1.729) < 2

Can we do any better?

Problem

Does prqg satisfy
nrq(n) = O(n/>+)?
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Poset of floor quotients
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Thank you!
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Differenced floor quotient Mobius function

Observation: prg “behaves like" Mertens function

Let Aurq(n) = ure(n) — ure(n—1) = “behaves like” usual Mobius
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Differenced floor quotient Mobius function

Theorem (Lagarias—R)

The differenced almost-divisor Mobius function Apap for n > 3 satisfies
the recursion

> Aurg(d) — prg(s) ifn=s?
s ors(s+1)
Vvn<d<n
Apap(n) =
Z Aprq(d otherwise.
vﬁ<d<n

Recall that p(n) = — Z u(d)

din
1<d<n
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Differenced floor quotient Mobius function

Theorem (Lagarias—R)

The differenced almost-divisor Mobius function Apap for n > 3 satisfies
the recursion

(— Y Apro(d) — pure(s) ifn=s?
dln ors(s+1)
A ( ) Vvn<d<n
pap(n) =
- Z Aprg(d) otherwise.
dln
Vn<d<n

Recall that p(n) = — Z u(d)

din
1<d<n
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Differenced floor quotient Mobius function

Theorem (Lagarias—R)
Aprg(n) = 0 if n satisfies either
© n is square-free and odd
@ n has prime divisor p > \/n+1

The density of the support of Apfrqg is

#{n < x: Aprq(n) # 0}

lim < 0.183
X—00 X
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