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René Descartes

GEOMETRY
234

if we have
%8+ nx5-6n3xt + 36n3x3 — 216n1x2 + 12967

by making y - 6n =X, we will have
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_ 6n?) + 144n3( - 1296m4
@ French philosopher, - ston
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@ studied polynomials: From this it is manifest that 504n2, which is

is half that of the second term. And there is
quantity by which we increase the true ToOts
heﬂect, larger in proportion to those given,
ere.
But if the last term is zero, and we do not
$0, We must again augment by a little bit

roots, but not by so little that it i sufficient
Similarly, i ik
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René Descartes

@ 1596 - 1650

@ French philosopher,
scientist, mathematician
@ studied polynomials:
(1) Which numbers x
satisfy f(x) = 07?
(2) How many numbers x
satisfy f(x) =07

Harry Richman Descartes’ rule and beyond

GEOMETRY
234

if we have ; , %

x84+ nx® - 6n2xt + 36n3x3 - 216n4x2 + 12969_!* gw %

by making y - 6n =%, we will have

49-86n) 55+ 540n?) y4~ 43207 39+ 19440n4) 52— 466565

+ ..§ Zson2)” + 360m3( - 2160n4(" + 64805
+ 144n3( - 1296n*

+ 36n3) - 648n*
- 216nt

- 6n?

Y-Sy +50iny ~3780n%8 +15120nh2 ~272
From this it is manifest that 504r2, which is the k
tity of the third term, is greater than the square of
is half that of the second term. And there is no

quantity by which we increase the true TOOts N

heﬂect, larger in proportion to those given, than
ere.

But if the last term is zero, and we do not d
S0, We must again augment by a little bit the :
roots, but not by so little that it is not sufficient.
Similarly, if we want to raise the number of
some equation, and insure that all the p

. aces
filled—if, for example, instead of x5 p =g' we o
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236 GEOMETRY
@ studied po|ynomia |s: in the equation, namely b2, is replaced by 82, ""“""l'lm

f(x) = x>—6x>+13x—10 yox i

and then write

H 3ac®
(1) Which numbers  x ¥ - 8a%y + - VE=0.
satisfy f(x) = O? For the rest [note that] the true roots, as well as the negative
ones, are not always real, but sometimes only imaginary; that
(2) HOW ma ny num bers is, while we can always conceive as many roots for each equa-
. tion as I have stated, still there is sometimes no quantity corre-
X Satley f(X ) - O? sponding to those we conceive. Thus, althoughweanme

three roots in the equation
x3-6x2+13x-10=0
there is nevertheless only one real root, 2, and no mat
we may aug dimi or ply the other two
way just explained, they will still be imaginary.
Now, when in order to find the construction of some
lem, we come to an equation in which the unknown ¢

Harry Richman Descartes’ rule and beyond



René Descartes

236 GEOMETRY
@ studied po|ynomia |s: in the equation, namely b%, is replaced by a2, m"""“'llme

f(x) = x>—6x>+13x—10 ==\

and then write

H 3ac®

(1) Which real numbers ¥ - 8a%y + - VE=0.
X satisfy f(x) = 07 For the rest [note that] the true roots, as well as the negative
ones, are not always real, but sometimes only imaginary; that
(2) HOW ma ny real is, while we can always conceive as many roots for each equa-
. tion as I have stated, still there is sometimes no quantity corre-
numbers x sati Sfy sponding to those we conceive. Thus, although we canme

—0? three roots in the equation
f(X) 07 x3-6x2+13x-10=0

there is nevertheless only one real root, 2, and no mat
we may aug dimi or ply the other two
way just explained, they will still be imaginary.

Now, when in order to find the construction of some

lem, we come to an equation in which the unknown ¢
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René Descartes

@ studied polynomials:
f(x) = x3—6x2+13x—10

(1) Which positive real
numbers x satisfy
f(x)=07?

(2) How many positive
real numbers x satisfy

f(x) =07
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236 GEOMETRY

in the equation, namely b2, is replaced by 3a2, we m

and then write

For the rest [note that] the true roots, as well as the negative
ones, are not always real, but sometimes only imaginary; that
15, While We can aiways CONCeive as Mmany roots Ior eac equa:
tion as I have stated, still there is sometimes no quantity corre-
sponding to those we conceive. Thus, although we canme
three roots in the equation
x3-6x2+13x-10=0

there is nevertheless only one real root, 2, and no mat
we may aug dimi or ply the other two
way just explained, they will still be imaginary.

Now, when in order to find the construction of some
lem, we come to an equation in which the unknown ¢




Rule of signs
Rule of signs

Polynomials: example

f(x) =x*> —8x +2

e Which x > 0 satisfy f(x) =07

e How many x > 0 satisfy f(x) = 07?
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Rule of signs
Rule of signs

Polynomials: example

f(x) =x*> —8x +2 (degree=2)

e Which x > 0 satisfy f(x) =07

—b++/b?% —4ac
X =
2a

@ How many x > 0 satisfy f(x) = 07 evaluate formula 1
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Rule of signs
Rule of signs

Polynomials: example

f(x) =x¥ +7x% —8x +2 (degree=10)

e Which x > 0 satisfy f(x) =07

e How many x > 0 satisfy f(x) = 07?
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Rule of signs
Rule of signs

Polynomials: example

f(x) =x¥ +7x% —8x +2 (degree=10)

e Which x > 0 satisfy f(x) = 0? HARD!

@ How many x > 0 satisfy f(x) =07 Easier? (less than 10...)
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e Which x > 0 satisfy f(x) = 0? HARD!
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Rule of signs

Polynomials: example

f(x) =x¥ +7x% + 8x +2 (degree=10)

e Which x > 0 satisfy f(x) = 0? HARD!

@ How many x > 0 satisfy f(x) =07 Easier? (less than 10...)
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Rule of signs

Rule of signs

A clever sh

e How many x satisfy f(x) = 07
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Rule of signs
Rule of signs

A clever shortcut!

e How many x satisfy f(x) =07

‘We can also know from this how many
negative roots there can be in each qq
can be as many true roots as the number ¢
minus signs change; and as man negative
of times there are two plus or tywo inu:
Thus, in the last equation, since + x4
which is a change from the plus sign to th
is followed by + 106x, and + 106x by - 12

we know that thera ara «

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) < #(sign changes of coefficients).
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Rule of signs
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) < #(sign changes of coefficients).

f(x) = +x0 4 7x% —8x +2 (degree=10)
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Rule of signs
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) < #(sign changes of coefficients).

f(x) = +x0 4 7x% —8x +2 (degree=10)

— — —
0 1 1
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Rule of signs
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,
#(positive real roots) < #(sign changes of coefficients).

f(x) = +x0 4 7x% —8x +2 (degree=10)

— — —
0 1 1

2 sign changes = < 2 real pos. roots
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Rule of signs
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) < #(sign changes of coefficients).

f(x) = +x0 4 7x% —8x +2 (degree=10)
A

2 sign changes = < 2 real pos. roots

Challenge

Prove this for f(x) = ax® 4+ bx + c.
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What makes it work? What makes it work?

Why guess this?

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) < #(sign changes of coefficients).
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What makes it work? What makes it work?

Why guess this?

Theorem (Descartes’ rule guess of signs)

For a polynomial with real coefficients,

#(positive real roots) ~ #(sign changes of coefficients).
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What makes it work? What makes it work?

Why guess this?

Theorem (Descartes’ rule guess of signs)

For a polynomial with real coefficients,
#(positive real roots) ~ #(sign changes of coefficients).

e f(x) =0 means graph changes (+—) or (—+)
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What makes it work? What makes it work?

Why guess this? a “‘fake” “proof

e plot points f(x) =1+ 7x — 8x% + 2x3
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What makes it work? What makes it work?

Why guess this? a “‘fake” “proof

e plot points f(x) = 1x% + 7x! — 8x2 + 2x3

10
5
(0,1)
[ ] '
2 0 2 4 6
5
-10
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What makes it work? What makes it work?

Why guess this? a “‘fake” “proof

e plot points f(x) = 1x% + 7x! — 8x% + 2x3

10
1.7
L7
5
s '
2 0 2 4 6
-5
-10
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What makes it work? What makes it work?

Why guess this? a “‘fake” “proof

e plot points f(x) = 1x% + 7x! — 8x? + 2x3

10
.
5
[ '
2 0 2 4 6
-5
(2,-8)
e
-10
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What makes it work? What makes it work?

Why guess this? a “‘fake” “proof

e plot points f(x) = 1x% + 7x! — 8x2 + 2x3

10
L ]
5
(32)
[ ]

[ '

2 o 2 4 6
-5

L ]

-10
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What makes it work? What makes it work?

Why guess this? a “‘fake” “proof

e plot points f(x) = 1x% + 7x! — 8x% + 2x3

10 H
5 E
¢
[ H K"
2 [ P2 4 6
5 H
S

-10

@ count roots!
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What makes it work? What makes it work?

Why guess this? a “‘fake” “proof

e plot points f(x) = 1x% + 7x! — 8x% + 2x3

10 H
$
1 H ‘-' x"
2 [ HEE 4 6

-10

e count roots! (7777)
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What makes it work? What makes it work?

s this justified??7?

e plot points f(x) = 1x% + 7x! — 8x% + 2x3

10

-10
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What makes it work? What makes it work?

s this justified??7?

e plot points f(x) = 1x% + 7x! — 8x2 + 2x3

e when x =0, f(0)=14+0+0+0=1>0
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What makes it work? What makes it work?

s this justified??7?

e plot points f(x) = 1x% + 7x! — 8x2 + 2x3

10

-10

@ when

x=N>0, f(N)=1+7N —8N2 +2N3 ~2N3 >0
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What makes it work? What makes it work?

s this justified??7?

e plot points f(x) = 1x% + 7x! — 8x% + 2x3

10
. ! =
7 :
/
-10
e when x =77, f(x =)~ 7x} >0
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What makes it work? What makes it work?

s this justified??7?

e plot points f(x) = 1x% + 7x! — 8x? + 2x3

10 i
N N =
T
N
-10
e when x =77, f(x =)~ -8x2<0
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What makes it work? What makes it work?

s this justified??7?

e plot points f(x) = 1x% + 7x! — 8x% + 2x3
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What makes it work? What makes it work?

When is this guess wrong?

e plot points f(x) =1+ 7x — 8x% + 2x3
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What makes it work? What makes it work?

When is this guess wrong?

e plot points f(x) =1+ 1x! — 1x242x3

10
5
L]
[ L] '
2 0 2 4 6
3

-5
-10
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What makes it work? What makes it work?

When is this guess wrong?

e plot points f(x) =1+ 1x! — 1x242x3

10
5
...... [
! ) : X"
¥ td
2 ‘0 2, 4 6
e
-5
-10

Harry Richman Descartes’ rule and beyond



What makes it work? What makes it work?

When is this guess wrong?

e plot points f(x) =1+ 1x! — 1x242x3

10

[\

-10
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What makes it work? What makes it work?

When is this guess wrong?

o f(x)=1+7x—8x2+2x3 — yes
o f(x) =1+1x—1x?>+2x3 = no
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What makes it work? What makes it work?

When is this guess wrong?

o f(x)=1+7x—8x2+2x3 — yes
o f(x) =1+1x—1x?>+2x3 = no

Source: REl.com
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What makes it work? What makes it work?

Concavity

o f(x)=1+7x—8x2+2x3 — yes
o f(x) =1+1x—1x%>+2x3 = no

10 10
|a| . |
.
5 5
b4 [

[ ] L L] L] ] X
0 2 4 0 2 4
= yes = no
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What makes it work? What makes it work?

Concavity

o f(x)=1+7x—8x2+2x3 — yes
o f(x)=1+1x—1x%>+2x3 = no

log‘an‘ log‘an‘
2 . ° 2
. [
X" W
0 2 4 o * 2 4
= yes = no
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What makes it work? What makes it work?

Why concavity?

2 4

o f(x) =ap — arx + axx? — a3x> + agx
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What makes it work? What makes it work?

Why concavity?

o f(x) =ag — a1x + apx? — a3x® + agx*

f(x) = agx*

"-.__..".
7 R f(x) = —a3x?

f(x) =~ —a1x
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What makes it work? What makes it work?

Why concavity?

o f(x)=ag—aix+ ax? — a3x3 + agx*
f(x) =~ agx* _.-‘:7
g f(x) = a0 \?}*
"" & f(x) = apx? 3
T,
o
-
7~ R f(x) = —asx®
f(x) = —ayx
o f(x)~ ag— arx = X~ 2

ai
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What makes it work? What makes it work?

Why concavity?

2 4

o f(x) =ap— arx + axx? — a3x> + agx

f(x) ~= agx*

ol T f(x) = —aax®

f(x) = —apx

o f(x)~ —aix + axx?
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What makes it work? What makes it work?

Why concavity?

o f(x)=ag—aix+ ax? — a3x3 + agx*
f(x) = agx* _.-";
H f(x) ~ a0 \b’
"" & f(x) ~ apx? 3
.
c. a
g
P T f(x) = —asx®
f(x) = —ayx
o f(x)~ apx? — azx3 = X~ 2
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What makes it work? What makes it work?

Why concavity?

o f(x)=ag—aix+ ax? — a3x3 + agx*
f(x) ~= agx*

f(x) =~ ao \pt
"A/ f(x) = apx®
0 .

g’

al T f(x) = —aax®

f(x) = —arx

o f(x)~ —azx3 + agx*
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What makes it work? What makes it work?

Why concavity?

o f(x) =ag — a1x + apx? — a3x® + agx*
$
L] xm 2 i
.. B/ -": “". k’
T s ¢
e x~ 2
X R z—;

@ Order matters!
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What makes it work? What makes it work?

Why log-concavity?

2 4

o f(x) =ap — arx + axx? — a3x> + agx

@ Order matters!

a a a a
o _a_2_ 3
al a» as a4
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What makes it work? What makes it work?

Why log-concavity?

2 4

o f(x) =ap — arx + axx? — a3x> + agx

@ Order matters!

a a a a
H_n_2_2

ai a as as

< ai_1ai41 < a2

Harry Richman Descartes’ rule and beyond



What makes it work? What makes it work?

Why log-concavity?

2 4

o f(x) =ap — arx + axx? — a3x> + agx

@ Order matters!

a a a a
H_n_2_2

ai a as as

< ai_1ai41 < a2

< logaj—1 +logajr1 < 2loga;
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What makes it work? What makes it work?

Why log-concavity?

2 4

o f(x) =ap — arx + axx? — a3x> + agx

@ Order matters!

a a a a
H_n_2_2

ai a as as

< ai_1ai41 < a2

< logaj—1 +logajr1 < 2loga;

@ A sequence {a;} is log-concave if this holds
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What makes it work? What makes it work?

Why log-concavity?

2 4

o f(x) =ap — arx + axx? — a3x> + agx

@ Order matters!

a a a a
H_n_2_2

ai a as as

< ai_1ai41 < a2

& logaj_1 +logajr1 < 2loga; (concave)

@ A sequence {a;} is log-concave if this holds

Harry Richman Descartes’ rule and beyond



What makes it work? What makes it work?

log-Concavity

Theorem (Newton, via Stanley)

If
f(x) = a0 — aix+ax® —---£ax" (3 >0)

has all real roots, then the sequence

a0/<g>,al/<’17>,...,a,,/(z>

is log concave.
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What makes it work? What makes it work?

log-Concavity

Theorem (Newton, via Stanley)
If

f(x) = a0 — aix + ax* —---+ax"  (a;>0)

has all real roots, then the sequence

ao/<g>,al/(rl7>,...,an/<z>

e Equivalently, for all J

is log concave.

(7’
N\
(") ()
i—1/ \i+1
Harry Richman Descartes’ rule and beyond

2
aj > aj_1dj41 -



What makes it work? What makes it work?

log-Concavity

Theorem (Newton, via Stanley)

If
f(x) = a0 — aix + ax® — -+ ax"  (a; >0)

has all real roots, then the sequence

ao/(g>,al/<,17>,...,an/<z>

o Equivalently, for all

1 1
a? > ai_1ai1- (1 + i> <1 + P i>

Harry Richman Descartes’ rule and beyond

is log concave.




What makes it work? What makes it work?

log-Concavity

Theorem (Newton, via Stanley)
If

f(x) = a0 — aix + ax* —--- £ ax"  (a;>0)

has all real roots, then the sequence
n n n
w3 () o)

o Equivalently, for all /

5 1 1
ai > aj—1ai+1- |1+ = 1+ ;
i n—.i

@ Challenge: prove this!

Harry Richman Descartes’ rule and beyond

is log concave.




What makes it work? What makes it work?

log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ~ #(sign changes of coefficients).
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What makes it work? What makes it work?

log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ~ #(sign changes of coefficients).

@ need log-concavity of coefficients (cf. Newton's theorem)
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What makes it work? What makes it work?

log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ~ #(sign changes of coefficients).

@ need log-concavity of coefficients (cf. Newton's theorem)

Issues:

@ Newton's condition is necessary, NOT sufficient

Harry Richman Descartes’ rule and beyond



What makes it work? What makes it work?

log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ~ #(sign changes of coefficients).

@ need log-concavity of coefficients (cf. Newton's theorem)

Issues:
@ Newton's condition is necessary, NOT sufficient

@ what if not ALL sign changes occur?
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What makes it work? What makes it work?

log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ~ #(sign changes of coefficients).

@ need log-concavity of coefficients (cf. Newton's theorem)

Issues:
@ Newton's condition is necessary, NOT sufficient

@ what if not ALL sign changes occur?

What condition on coefficients is sufficient to guarantee c

Harry Richman Descartes’ rule and beyond



Beyond Descartes’ rule
Beyond Descartes’ rule

SIS

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

@ Can one term ALWAYS dominate?
o f(x)= 1x0 + 7x1 — 8x2 +2x3

Harry Richman Descartes’ rule and beyond



Beyond Descartes’ rule
Beyond Descartes’ rule

SIS

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

@ Can one term ALWAYS dominate?
o f(x)= 1x0 + 7x1 — 8x2 +2x3
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Beyond Descartes’ rule
Beyond Descartes’ rule

SIS

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

@ Can one term ALWAYS dominate?
o f(x)= 1x0 + 7xt — 8x2 +2x3
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Beyond Descartes’ rule
Beyond Descartes’ rule

SIS

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

@ Can one term ALWAYS dominate?
o f(x)= 1x0 + 7x1 — 8x2 +2x3
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Beyond Descartes’ rule
Beyond Descartes’ rule

SIS

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

@ Can one term ALWAYS dominate?
o f(x)= 1x0 + 7x1 — 8x2 + 2x3
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Beyond Descartes’ rule

Beyond Descartes’ rule

SIS

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

@ Can one term ALWAYS dominate?
o f(x)= 1x0 + 7x1 — 8x2 + 2x3

= “non-Archimedean” or “ultrametric” fields

Harry Richman Descartes’ rule and beyond



Beyond Descartes’ rule

Beyond Descartes’ rule

Non-Archimedean fields: motivation

How big is a + b compared to a, b?
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Beyond Descartes’ rule

Beyond Descartes’ rule

Non-Archimedean fields: motivation

How big is a + b compared to a, b?

Usual world:
o (big) + (big) < 2-(big), (small) + (small) < 2:(small)
o (big) + (small) = slightly bigger or smaller
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Beyond Descartes’ rule

Beyond Descartes’ rule

Non-Archimedean fields: motivation

How big is a + b compared to a, b?

Usual world:
o (big) + (big) < 2-(big), (small) + (small) < 2:(small)
o (big) + (small) = slightly bigger or smaller
BUT if difference is very large,

o (big) + (small) ~ (big)
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Beyond Descartes’ rule

Beyond Descartes’ rule

Non-Archimedean fields: motivation

How big is a + b compared to a, b?

Usual world:
o (big) + (big) < 2-(big), (small) + (small) < 2:(small)
o (big) + (small) = slightly bigger or smaller
BUT if difference is very large,

o (big) + (small) ~ (big)
non-Archimedean world:

o (big) + (big) < (big), (small) + (small) < (small)
o (big) + (small) = (big)
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Non-Archimedean fields: motivation

How big is a + b compared to a, b?

Usual world:
o (big) + (big) < 2-(big), (small) + (small) < 2:(small)
o (big) + (small) = slightly bigger or smaller
BUT if difference is very large,

o (big) + (small) ~ (big)
non-Archimedean world:
o (big) + (big) < (big), (small) + (small) < (small)

o (big) + (small) = (big)
i.e. ALL differences are very large
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Non-Archimedean fields

o field K with valuation val : K* = R

Idea: val measures how “big" a number is,
acts like z — log|z| on real (or complex) numbers (but better)
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Non-Archimedean fields

o field K with valuation val : K* = R

Idea: val measures how “big" a number is,
acts like z — log|z| on real (or complex) numbers (but better)

@ Rules:
© val(ab) = val(a) + val(b)
Q if val(a) # val(b),

val(a+ b) = max{val(a), val(b)}
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Non-Archimedean fields

o field K with valuation val : K* = R

Idea: val measures how “big" a number is,
acts like z — log|z| on real (or complex) numbers (but better)

@ Rules:
© val(ab) = val(a) + val(b)
Q if val(a) # val(b),

val(a+ b) = max{val(a), val(b)}

© In general,
val(a+ b) < max{val(a), val(b)}

Q (also: val(0) = —o0)
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Non-Archimedean fields

o field K with valuation val : K* = R

Idea: val measures how “big" a number is,
acts like z — log|z| on real (or complex) numbers (but better)
@ Examples:
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Non-Archimedean fields

o field K with valuation val : K* = R

Idea: val measures how “big" a number is,
acts like z — log|z| on real (or complex) numbers (but better)
@ Examples:
e rational power series

K =R(e) = {ane" + app1e™ +---},

val : €" — —n, R* +—0
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Non-Archimedean fields

o field K with valuation val : K* = R

Idea: val measures how “big" a number is,
acts like z — log|z| on real (or complex) numbers (but better)
@ Examples:
e rational power series

K =R(e) = {ane" + app1e™ +---},

val : €" — —n, R* +—0

e p-adic numbers

K=Q,

val : p" — —n, r—0
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Newton polygon

Given polynomial with coefficients in K = R(¢), e.g.
f(x) = (14 2¢) + e 'x+ (6—3 43¢ 414 E5)X2 + 6_2x3,

the Newton polygon is the lower-convex hull of the graph val(a,):

val(a,)

@ using Newton polygon leads to better® rule of signs!
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Newton polygon

Given polynomial with coefficients in K = R(¢), e.g.
FX)=(1426)+(1+)x+ B+)x?+e2x3

the Newton polygon is the lower-convex hull of the graph val(a,):

val(a,)

[ ]

@

@ using Newton polygon leads to better® rule of signs!
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Newton polygon + Descartes’ rule

o K =R(e, €l/2 €3, .. .) rational power series* in €

@ a number is “positive” if its leading term is positive

Theorem (non-Archimedean Descartes’ rule)

For f(x) € K|[x], suppose that Newton polygon has “corners” at
all points on boundary. Then

#(positive real roots) = #(sign changes of Newton poly.).

*really, need to take “completion” w.r.t. valuation
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Newton polygon + Descartes’ rule

o Example 1:

F(x)=+(1426) — (7T—Mx+ B+ )x* — (2 +1)x°

val(a,)
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Newton polygon + Descartes’ rule

o Example 1:

F(x)=+(1426) — (7T—Mx+ B+ )x* — (2 +1)x°

val(a,)

[ ]

ro@

1 sign change = 1 pos. real root
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Newton polygon + Descartes’ rule

o Example 1:

F(x)=+(1426) +(7—x+ B+ )x* — (2 +1)x°

val(a,)

[ ]

ro@

1 sign change = 1 pos. real root
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Newton polygon + Descartes’ rule

o Example 1:

F(x)=+(1426) — (7T—x+ B+ )x* + (2 +1)x°

val(a,)

[ ]

ro@

0 sign changes = 0 pos. real roots
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Newton polygon + Descartes’ rule

o Example 2:

f(x) = +(1+2¢) — e *x+ (€843 1+ )x% — (e 2+ 1)x°

val(a,) N
L]
-, )
L]
+ A
0 2 4
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Newton polygon + Descartes’ rule

o Example 2:

f(x) = +(1+2¢) — e *x+ (€843 1+ )x% — (e 2+ 1)x°

val(a -~
(f?} //+ b ???
s */
P 7
- s
L e, -
[ X
o= 2 4

3 sign changes = < 3 pos. real roots  (usual Descartes' rule)
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Newton polygon + Descartes’ rule

o Example 3:

F(x) = +(1+2¢) — e 'x+ (€843 1+ )x% — (e 2+ 1)x°

val(an)
- +
° L]
C
+ A
0 2 4
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Newton polygon + Descartes’ rule

o Example 3:

F(x) = +(1+2¢) — e 'x+ (€843 1+ )x% — (e 2+ 1)x°

val(an)
- +
° L]
C
+ A
0 2 4

3 sign changes = 3 pos. real roots
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divided
e,
o

Thank you!
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