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René Descartes

1596 - 1650

French philosopher,
scientist, mathematician

studied polynomials:

(1) Which numbers x
satisfy f (x) = 0?

(2) How many numbers x
satisfy f (x) = 0?
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Rule of signs
What makes it work?

Beyond Descartes’ rule

René Descartes

studied polynomials:
f (x) = x3−6x2+13x−10

(1) Which numbers x
satisfy f (x) = 0?

(2) How many numbers
x satisfy f (x) = 0?
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Rule of signs
What makes it work?

Beyond Descartes’ rule

René Descartes

studied polynomials:
f (x) = x3−6x2+13x−10

(1) Which real numbers
x satisfy f (x) = 0?

(2) How many real
numbers x satisfy
f (x) = 0?
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Rule of signs
What makes it work?

Beyond Descartes’ rule

René Descartes

studied polynomials:
f (x) = x3−6x2+13x−10

(1) Which positive real
numbers x satisfy
f (x) = 0?

(2) How many positive
real numbers x satisfy
f (x) = 0?
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

Polynomials: example

f (x) = x2 − 8x + 2

Which x > 0 satisfy f (x) = 0?

HARD!

x =
−b ±

√
b2 − 4ac

2a

How many x > 0 satisfy f (x) = 0?
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

Polynomials: example

f (x) = x2 − 8x + 2 (degree=2)

Which x > 0 satisfy f (x) = 0?

HARD!

x =
−b ±

√
b2 − 4ac

2a

How many x > 0 satisfy f (x) = 0? evaluate formula ↑
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What makes it work?

Beyond Descartes’ rule
Rule of signs

Polynomials: example

f (x) = x10 + 7x2 − 8x + 2 (degree=10)

Which x > 0 satisfy f (x) = 0?

HARD!

x =
−b ±

√
b2 − 4ac

2a

How many x > 0 satisfy f (x) = 0?
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Beyond Descartes’ rule
Rule of signs

Polynomials: example

f (x) = x10 + 7x2 − 8x + 2 (degree=10)

Which x > 0 satisfy f (x) = 0? HARD!

x =
−b ±

√
b2 − 4ac

2a

How many x > 0 satisfy f (x) = 0? Easier? (less than 10...)
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Polynomials: example

f (x) = x10 + 7x2 + 8x + 2 (degree=10)

Which x > 0 satisfy f (x) = 0? HARD!

x =
−b ±

√
b2 − 4ac

2a

How many x > 0 satisfy f (x) = 0? Easier? (less than 10...)
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

A clever shortcut!

How many x satisfy f (x) = 0?

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) ≤ #(sign changes of coefficients).

Harry Richman Descartes’ rule and beyond



Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

A clever shortcut!

How many x satisfy f (x) = 0?

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) ≤ #(sign changes of coefficients).
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) ≤ #(sign changes of coefficients).

f (x) = +x10 + 7x2 − 8x + 2 (degree=10)
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) ≤ #(sign changes of coefficients).

f (x) = +x10 + 7x2 − 8x + 2 (degree=10)
−→
0

−→
1

−→
1
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) ≤ #(sign changes of coefficients).

f (x) = +x10 + 7x2 − 8x + 2 (degree=10)
−→
0

−→
1

−→
1

2 sign changes ⇒ ≤ 2 real pos. roots
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Rule of signs

A clever shortcut: example

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) ≤ #(sign changes of coefficients).

f (x) = +x10 + 7x2 − 8x + 2 (degree=10)
−→
0

−→
1

−→
1

2 sign changes ⇒ ≤ 2 real pos. roots

Challenge

Prove this for f (x) = ax2 ± bx ± c .
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why guess this?

Theorem (Descartes’ rule of signs)

For a polynomial with real coefficients,

#(positive real roots) ≤ #(sign changes of coefficients).
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why guess this?

Theorem (Descartes’ rule guess of signs)

For a polynomial with real coefficients,

#(positive real roots) ≈ #(sign changes of coefficients).
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why guess this?

Theorem (Descartes’ rule guess of signs)

For a polynomial with real coefficients,

#(positive real roots) ≈ #(sign changes of coefficients).

f (x) = 0 means graph changes (+−) or (−+)
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why guess this? a “‘fake” “proof”’

plot points f (x) = 1 + 7x − 8x2 + 2x3

count roots!

(????)
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What makes it work?

Beyond Descartes’ rule
What makes it work?

Why guess this? a “‘fake” “proof”’

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3

count roots!

(????)
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Why guess this? a “‘fake” “proof”’

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3

count roots! (????)
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Is this justified???

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Is this justified???

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3

when x = 0, f (0) = 1 + 0 + 0 + 0 = 1 > 0
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Is this justified???

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3

when
x = N � 0, f (N) = 1 + 7N − 8N2 + 2N3 ≈ 2N3 > 0
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Is this justified???

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3

when x =??, f (x =??) ≈ 7x1 > 0
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Is this justified???

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3

when x =??, f (x =??) ≈ −8x2 < 0
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Is this justified???

plot points f (x) = 1x0 + 7x1 − 8x2 + 2x3
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

When is this guess wrong?

plot points f (x) = 1 + 7x − 8x2 + 2x3
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What makes it work?

When is this guess wrong?

plot points f (x) = 1 + 1x1 − 1x2+2x3
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

When is this guess wrong?

f (x) = 1 + 7x − 8x2 + 2x3 → yes

f (x) = 1 + 1x − 1x2 + 2x3 → no

Source: REI.com
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Beyond Descartes’ rule
What makes it work?

When is this guess wrong?

f (x) = 1 + 7x − 8x2 + 2x3 → yes

f (x) = 1 + 1x − 1x2 + 2x3 → no

Source: REI.com
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Concavity

f (x) = 1 + 7x − 8x2 + 2x3 → yes

f (x) = 1 + 1x − 1x2 + 2x3 → no

⇒ yes ⇒ no
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Concavity

f (x) = 1 + 7x − 8x2 + 2x3 → yes

f (x) = 1 + 1x − 1x2 + 2x3 → no

⇒ yes ⇒ no
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

f (x) ≈ a0 − a1x ⇒ x ≈ a0
a1
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

f (x) ≈ −a1x + a2x2 ⇒ x ≈ a1
a2
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

f (x) ≈ a2x2 − a3x3 ⇒ x ≈ a2
a3
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

f (x) ≈ −a3x3 + a4x4 ⇒ x ≈ a3
a4
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

Order matters!
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why log-concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

Order matters!

a0
a1
≤ a1

a2
≤ a2

a3
≤ a3

a4

⇔ ai−1ai+1 ≤ a2i

⇔ log ai−1 + log ai+1 ≤ 2 log ai

A sequence {ai} is log-concave if this holds
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Why log-concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

Order matters!

a0
a1
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a4
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Why log-concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

Order matters!

a0
a1
≤ a1

a2
≤ a2

a3
≤ a3

a4

⇔ ai−1ai+1 ≤ a2i

⇔ log ai−1 + log ai+1 ≤ 2 log ai

A sequence {ai} is log-concave if this holds
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

Why log-concavity?

f (x) = a0 − a1x + a2x2 − a3x3 + a4x4

Order matters!

a0
a1
≤ a1

a2
≤ a2

a3
≤ a3

a4

⇔ ai−1ai+1 ≤ a2i

⇔ log ai−1 + log ai+1 ≤ 2 log ai (concave)

A sequence {ai} is log-concave if this holds
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

log-Concavity

Theorem (Newton, via Stanley)

If
f (x) = a0 − a1x + a2x2 − · · · ± anxn (ai > 0)

has all real roots, then the sequence

a0/

(
n

0

)
, a1/

(
n

1

)
, . . . , an/

(
n

n

)
is log concave.

Equivalently, for all i
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

log-Concavity

Theorem (Newton, via Stanley)

If
f (x) = a0 − a1x + a2x2 − · · · ± anxn (ai > 0)

has all real roots, then the sequence

a0/

(
n

0

)
, a1/

(
n

1

)
, . . . , an/

(
n

n

)
is log concave.

Equivalently, for all i

a2i ≥ ai−1ai+1 ·
(n
i

)2( n
i−1

)( n
i+1

)
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

log-Concavity

Theorem (Newton, via Stanley)

If
f (x) = a0 − a1x + a2x2 − · · · ± anxn (ai > 0)

has all real roots, then the sequence

a0/

(
n

0

)
, a1/

(
n

1

)
, . . . , an/

(
n

n

)
is log concave.

Equivalently, for all i

a2i ≥ ai−1ai+1 ·
(

1 +
1

i

)(
1 +

1

n − i

)
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

log-Concavity

Theorem (Newton, via Stanley)

If
f (x) = a0 − a1x + a2x2 − · · · ± anxn (ai > 0)

has all real roots, then the sequence

a0/

(
n

0

)
, a1/

(
n

1

)
, . . . , an/

(
n

n

)
is log concave.

Equivalently, for all i

a2i ≥ ai−1ai+1 ·
(

1 +
1

i

)(
1 +

1

n − i

)
Challenge: prove this!
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Rule of signs
What makes it work?

Beyond Descartes’ rule
What makes it work?

log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ≈ #(sign changes of coefficients).

need log-concavity of coefficients (cf. Newton’s theorem)

Issues:

Newton’s condition is necessary, NOT sufficient

what if not ALL sign changes occur?

Problem

What condition on coefficients is sufficient to guarantee c
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log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ≈ #(sign changes of coefficients).

need log-concavity of coefficients (cf. Newton’s theorem)

Issues:

Newton’s condition is necessary, NOT sufficient

what if not ALL sign changes occur?

Problem

What condition on coefficients is sufficient to guarantee c
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What makes it work?

log-Concavity

Heuristic (Descartes)

For a polynomial with real coefficients,

#(positive real roots) ≈ #(sign changes of coefficients).

need log-concavity of coefficients (cf. Newton’s theorem)

Issues:

Newton’s condition is necessary, NOT sufficient

what if not ALL sign changes occur?

Problem

What condition on coefficients is sufficient to guarantee c
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Beyond Descartes’ rule

Issues

Problem

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

Can one term ALWAYS dominate?

f (x) = 1x0 + 7x1 − 8x2 + 2x3

⇒ “non-Archimedean” or “ultrametric” fields
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Beyond Descartes’ rule

Issues

Problem

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

Can one term ALWAYS dominate?

f (x) = 1x0 + 7x1 − 8x2 + 2x3

⇒ “non-Archimedean” or “ultrametric” fields
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Issues

Problem

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

Can one term ALWAYS dominate?

f (x) = 1x0 + 7x1 − 8x2 + 2x3

⇒ “non-Archimedean” or “ultrametric” fields

Harry Richman Descartes’ rule and beyond



Rule of signs
What makes it work?

Beyond Descartes’ rule
Beyond Descartes’ rule

Issues

Problem

What condition on coefficients is sufficient to guarantee

#(positive real roots) = #(sign changes of coefficients)?

Can one term ALWAYS dominate?

f (x) = 1x0 + 7x1 − 8x2 + 2x3

⇒ “non-Archimedean” or “ultrametric” fields
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Beyond Descartes’ rule

Non-Archimedean fields: motivation

Problem

How big is a + b compared to a, b?
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Beyond Descartes’ rule

Non-Archimedean fields: motivation

Problem

How big is a + b compared to a, b?

Usual world:

(big) + (big) ≤ 2·(big), (small) + (small) ≤ 2·(small)

(big) + (small) = slightly bigger or smaller
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Rule of signs
What makes it work?

Beyond Descartes’ rule
Beyond Descartes’ rule

Non-Archimedean fields: motivation

Problem

How big is a + b compared to a, b?

Usual world:

(big) + (big) ≤ 2·(big), (small) + (small) ≤ 2·(small)

(big) + (small) = slightly bigger or smaller
BUT if difference is very large,

(big) + (small) ≈ (big)

Harry Richman Descartes’ rule and beyond



Rule of signs
What makes it work?

Beyond Descartes’ rule
Beyond Descartes’ rule

Non-Archimedean fields: motivation

Problem

How big is a + b compared to a, b?

Usual world:

(big) + (big) ≤ 2·(big), (small) + (small) ≤ 2·(small)

(big) + (small) = slightly bigger or smaller
BUT if difference is very large,

(big) + (small) ≈ (big)

non-Archimedean world:

(big) + (big) ≤ (big), (small) + (small) ≤ (small)

(big) + (small) = (big)
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Non-Archimedean fields: motivation

Problem

How big is a + b compared to a, b?

Usual world:

(big) + (big) ≤ 2·(big), (small) + (small) ≤ 2·(small)

(big) + (small) = slightly bigger or smaller
BUT if difference is very large,

(big) + (small) ≈ (big)

non-Archimedean world:

(big) + (big) ≤ (big), (small) + (small) ≤ (small)

(big) + (small) = (big)
i.e. ALL differences are very large
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Non-Archimedean fields

field K with valuation val : K× → R

Idea: val measures how “big” a number is,
acts like z → log |z | on real (or complex) numbers (but better)

Rules:
1 val(ab) = val(a) + val(b)
2 if val(a) 6= val(b),

val(a + b) = max{val(a), val(b)}

3 In general,

val(a + b) ≤ max{val(a), val(b)}

4 (also: val(0) = −∞)
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Non-Archimedean fields

field K with valuation val : K× → R

Idea: val measures how “big” a number is,
acts like z → log |z | on real (or complex) numbers (but better)

Rules:
1 val(ab) = val(a) + val(b)
2 if val(a) 6= val(b),

val(a + b) = max{val(a), val(b)}

3 In general,

val(a + b) ≤ max{val(a), val(b)}

4 (also: val(0) = −∞)
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Non-Archimedean fields

field K with valuation val : K× → R

Idea: val measures how “big” a number is,
acts like z → log |z | on real (or complex) numbers (but better)

Rules:
1 val(ab) = val(a) + val(b)
2 if val(a) 6= val(b),

val(a + b) = max{val(a), val(b)}

3 In general,

val(a + b) ≤ max{val(a), val(b)}

4 (also: val(0) = −∞)
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Non-Archimedean fields

field K with valuation val : K× → R

Idea: val measures how “big” a number is,
acts like z → log |z | on real (or complex) numbers (but better)

Examples:

rational power series

K = R(ε) = {anεn + an+1ε
n+1 + · · · },

val : εn 7→ −n, R× 7→ 0

p-adic numbers

K = Q,

val : pn 7→ −n, r 7→ 0
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Non-Archimedean fields

field K with valuation val : K× → R

Idea: val measures how “big” a number is,
acts like z → log |z | on real (or complex) numbers (but better)

Examples:

rational power series

K = R(ε) = {anεn + an+1ε
n+1 + · · · },

val : εn 7→ −n, R× 7→ 0

p-adic numbers

K = Q,

val : pn 7→ −n, r 7→ 0
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Non-Archimedean fields

field K with valuation val : K× → R

Idea: val measures how “big” a number is,
acts like z → log |z | on real (or complex) numbers (but better)

Examples:

rational power series

K = R(ε) = {anεn + an+1ε
n+1 + · · · },

val : εn 7→ −n, R× 7→ 0

p-adic numbers

K = Q,

val : pn 7→ −n, r 7→ 0
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Newton polygon

Given polynomial with coefficients in K = R(ε), e.g.

f (x) = (1 + 2ε) + ε−7x + (ε−8 + 3ε−1 + 1 + ε5)x2 + ε−2x3,

the Newton polygon is the lower-convex hull of the graph val(an):

using Newton polygon leads to better∗ rule of signs!
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Newton polygon

Given polynomial with coefficients in K = R(ε), e.g.

f (x) = (1 + 2ε) + (1 + ε3)x + (3 + ε5)x2 + ε−2x3

the Newton polygon is the lower-convex hull of the graph val(an):

using Newton polygon leads to better∗ rule of signs!
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Newton polygon + Descartes’ rule

K = R(ε, ε1/2, ε1/3, . . .) rational power series* in ε

a number is “positive” if its leading term is positive

Theorem (non-Archimedean Descartes’ rule)

For f (x) ∈ K [x ], suppose that Newton polygon has “corners” at
all points on boundary. Then

#(positive real roots) = #(sign changes of Newton poly.).

*really, need to take “completion” w.r.t. valuation
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Newton polygon + Descartes’ rule

Example 1:

f (x) = +(1 + 2ε)− (7− ε4)x + (3 + ε5)x2 − (ε−2 + 1)x3
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Newton polygon + Descartes’ rule

Example 1:

f (x) = +(1 + 2ε)− (7− ε4)x + (3 + ε5)x2 − (ε−2 + 1)x3

1 sign change ⇒ 1 pos. real root
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Newton polygon + Descartes’ rule

Example 1:

f (x) = +(1 + 2ε) + (7− ε4)x + (3 + ε5)x2 − (ε−2 + 1)x3

1 sign change ⇒ 1 pos. real root
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Newton polygon + Descartes’ rule

Example 1:

f (x) = +(1 + 2ε)− (7− ε4)x + (3 + ε5)x2 + (ε−2 + 1)x3

0 sign changes ⇒ 0 pos. real roots
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Newton polygon + Descartes’ rule

Example 2:

f (x) = +(1 + 2ε)− ε−4x + (ε−8 + 3ε−1 + ε5)x2 − (ε−2 + 1)x3
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Newton polygon + Descartes’ rule

Example 2:

f (x) = +(1 + 2ε)− ε−4x + (ε−8 + 3ε−1 + ε5)x2 − (ε−2 + 1)x3

3 sign changes ⇒ ≤ 3 pos. real roots (usual Descartes’ rule)
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Newton polygon + Descartes’ rule

Example 3:

f (x) = +(1 + 2ε)− ε−7x + (ε−8 + 3ε−1 + ε5)x2 − (ε−2 + 1)x3
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Newton polygon + Descartes’ rule

Example 3:

f (x) = +(1 + 2ε)− ε−7x + (ε−8 + 3ε−1 + ε5)x2 − (ε−2 + 1)x3

3 sign changes ⇒ 3 pos. real roots
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Thank you!
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