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Whycaire ?

• Many sequences
in combinatorics

obey p-adic patterns

• How can we exploit these patterns ?

✓uÑ- numbingtheory



Derangement
-

A derangement d- a finite set is a

permutation 4 w fixed points

•
~

. •
÷

e- ← ~

Q : How
many derangement on n - element set ?

N O l 2 3 4 5

m¥
44

Observation : dcu) I É n ! as n → A

( Euler 1779 ) IR - topology



Derangement
-

Q : How
many derangement on n - element set ?

N o 5

dC4-
0 2 9 44

Qi How many derangement on C- 1) - element set ?

Observation : n → 1-15

(
Sun - Zager 2011g

dlh) is

p-adic continuous for
p

Miska 2016

⇒ extends uniquely 1- Ip 7- -1



p-adic
continuous ⇐ (

"
"" Thence preserving

' ' Fm ,

Derangement ,
a. s

- a _= blind m) ⇒ Fla) : -1lb)#)v. p
Q : How

many derangement on n - element set ?

N o 5

dc

4-
0 2 9 44

Qi How many derangement on C- 1) - element set ?

Observation : n → 1-15 dln) is
-

(
Sun - Zager 2011

) p-adic continuous for ¥ p
Miska 2016

¥=z) ⇒ extends uniquely 1- Ip 7- -1(4)
"

is p-adic contras



Aside ! Factorials

n ! = # ( permutations on a - element set)

.:¥÷
n !

Q : How my pointing on 1-1) - element set ?

•

observation : n ! = Flat ') := / 1-
"

e- tdt ftp.topocy.0

( Euler 1730 )
Gauss , ⇒ (a) ! = 1- ( o) : A

Weierstrass
, .
. -



Aside : Factorials

n ! = # ( permutations on a - element set)

i:÷
n !

Q : How my pointing on 1-1) - element set ?

Observation i n t n ! is never pi continuous

However
, n ts C-1)

^

IT K is !
-

KEN

*CPXK)(Morita 1975) =: Tpcnti) 1-4
!

-



"

D-Ii
"

sequences
arrangements of [u] = choose a subset ACC]

t permutation of A

•

r - cyclic derangement, in Crs Sn
d

cyclic gmp

• cycle - restricted permutations



"

D_Éi
"

sequences
arrangements of [u] = choose a subset ACC]

t permutation of A

[ or, linear order on A)

acu) = # ( arrangements ) = É (2) K !
d- (n) K :O

n

dans . #fterayuub
on [n) )

= Et"
""

/E) K !
k=O

inclusion - exclusion



"

D-Ii
"

sequuees_
"

wreath product
"

armpits
•

r - cyclic derangement, in CRT Su
( Assaf 2010 )

' e

cyclic gimp permutations

G- Ssn =

"

r -signed permutations on [u]
"

E ( nxn permutation matrices

4)nonzero entire
, i got

↳ natural actin on [n] ✗ [r]
"

dengcut "

→ no fixed

dlu ,r) = I C-1)
"Krk (2) K! pts on

acu.rs E E rn (g) n ! Go] ✗ Ir]



"

D-Ii
"

sequences
cycle - restricted permutations

L = set d- pos. integers

d- (n) = # ( permutations on Cu) 4)
cycle lengths in L

derangement, dlu) (→ L= {213,4
,
- . . }

factorial n ! (→ L = { 1 , 2 , 3 ,
. . . }



cycle - restricted permutations
- / exit =

L = set d- pos. integers

d- (n) = # ( permutations on Cu) 4)
cycle lengths in L

Qi How to compute d- In) ?

( generating fins) + ( combintnml species)

I d-cult
"

= IT exp ) )⇒ [ kzo K ! let

demgenb Idk)¥ =

,# c- "- I = ÷¥



cycle - restricted permutations
-

L = set d- pos. integers

d- (n) = # ( permutations on (n) 4)
cycle lengths in L

Qi How to compute d- In) ?

( generating fins) + ( combintnml species)

⇒ I dont
"

= IT exp (¥ )
KZO - k ! let

t

p-adic continuous?



lto-tde-tp-adic-ty7.IN → Qp
DEI The Mahler series for f-(X) is

f- (x) - I ck (E) = co + a (9) + cz(E) + " -
KZO

where

( yg) : = ¥
,
✗(×-i)lx-2)---(×-k

¥
.

✗
± "

falling factorial
"

1¥ . 3×21-5×+1 = 1 + 81T) + 6 (E)

3%(1+2)✗ = I + 2 (Y) + 22 (E) + z
>
(g) + . - -

Biwwal Thin



lto-t.de pEty ?

Def The Mahler series for ftp://T
,

→ %

flx) - I ck (E) = co + a (9) + cz(E) + " -
KZO

Thin (Mahler 1958)
f-A) p-adic continuous ⇐s / cklp

→0 as f-→A

Lipschitz continuous ( =) sup lcklpk I C4 constant C k 21

Amico: locally analyte (=) Iim sup / only
"
< I

1964 k → co



Itu-t pEty ?

f- (x) - ¥
,

ok (E) = co + a (9) + cz(E) + " -

Thin (Mahler 1958)
f-A) p-adic continuous ⇐s / cklp

→0 as f-→A

' : Ifor to find Mahler coefficients [ u ?

ck = Ok f- ( O) = f- ( K) - (4) flk - 1) 1- (E) flu -2)
Finite difference

) k - +n
t

finite
1- ' - - t 1-1)

" f-10)

FGS : ffxtl) difference
- fix)

= ÷É (-15/4) fl k - i )



lto-t.de pEty ?

' : Ifor to find Mahler coefficients [ u ?

ck = Ok f- ( O) = f- ( k ) - (4) flk - 1) 1- (E) flk - z)
I

+ . - - t 1-1)
" f-10)

K - th finite

difference
= £ (-15/4) fl k - i )
i :O

⇒
apply exponents generating functions

co

ck=¥gfÉ /1) flies <⇒ e-
✗ [ font

"
= Écu ;÷

k=o F. t.io

( equiv
.

I (E) in = flu) ) Efcait? = e✗ Icu '¥



p-adio.co#nuAyd-cyc6-restrtdprwtthrTweove-nfO'Destry -R)

d- (n) = # ( permutations on Cu) 4)
cycle lengths in L

1.) If I c- L
,

then n ↳ d-(n) is p-adic

continuous it
p ¢ L

( and 1-1)
"

d4n) not p-adic continuous to p23)

2.) If 1¢ L
,
then n

ts C-15 d- (n) is

p-adic continuous off p
E L .

( d4u\ not p-adic cantons for p =3 )



p-adio.co#nuAyd-cyc6-restrtdprwktenTweove-nfO'Destry -R)

1.) If I c- L
,

then n ↳ d-(n) is p-adic

continuous it
p ¢ L

2.) If 1¢ L
,
then n

ts C-15 d- (n) is

p-adic continuous off p
E L .

Pfshc.to#ChechtktEGFcoeffs it
exp ( )

decay p
-adrully (⇒ m =/ 1 or p

.



lucompletegamurefmetrm
Gamma futon 1- ( s)= Sfts e-

t dog

Incomplete gamma- Tls , -2)= f? ts e- tds
(Upper) Furter

*
"extra" factor

Observation : Mutt ,
- Yr) = A- / derangement,

is Susan)
-e

Theory/ O'Desky - R) F p
- adore contrary footer

Tp : Ip×(HpIp) → Ip which interpolates •

(n ,
r) ts T (ntl , r)



Demngcnt, of
-

sie :

If -c) = - I K ! i - ( 0 ! t ' ! +2 ! t 3 ! + - - - ) E IpKZO

in IR ?
= 1-150

. 697 . - .

Euler : I f-1)" u ! = 0.596 ?
h = 0

( see Lagana,
"

Euler 's constant : Euler's note

and modern developments
" )


